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Today’s topics

I Fourier Series

I Pointwise convergence of Fourier series
I Fourier as a Hilbert base
I Convergence in norm of Fourier series
I Convolution of periodic functions
I Other Fourier bases
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Fourier Series

I Let us consider the hermitian Hilbert space L2(−π, π).

I We’ll show that the orthonormal system
1√
2π

(
e inx
)
n∈Z is a

Hilbert base of L2(−π,π), we call it Fourier base.

I Then, any f ∈ L2(−π, π) can written as a Fourier series

f (x) =
∑
n∈Z

cn(f )e inx , with cn(f ) =
1

2π

∫ π

−π
f (x)e−inxdx .

I And we will show that this series converge to f in the L2 sense.

I cn(f ) are the Fourier coefficients of f , they are proportional
to the coordinates of f over the Fourier base.
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Fourier Series
Lemma 5.1: (Riemann-Lebesgue)

For f ∈ L1(R) we write: f̂ (ξ) =

∫
R
f (x)e−iξxdx .

(i) If f ∈ Cc(R) is k times differentiable with f (k) ∈ L1(R), then

|f̂ (ξ)| ≤ ‖f
(k)‖L1
|ξ|k

.

(ii) If f ∈ L1(R) then

∫
R
f (x)e iaxdx

|a|→∞−→ 0 with a ∈ C.

This is also valid for the Fourier coefficients cn,

if f ∈ L1(−π, π) then lim|n|→∞ cn(f ) = 0. Proof → blackboard

Remark: Note that if f ∈ L2(−π, π) then cn(f )
|n|→∞−→ 0.

We can state this since cn are interpreted as the coordinates over an

orthonormal system. We don’t know (yet) if the Fourier system is Hilbert

base, but as orthonormal it satisfies Bessel’s inequality (Thm 4.4) so the

sum
∑
|cn(f )|2≤‖f ‖L2<∞ converges and cn(f )

|n|→∞−→ 0.
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Fourier Series

Lemma 5.1: (Riemann-Lebesgue)
For f ∈ L1(R) we write: f̂ (ξ) =

∫
R f (x)e−iξxdx .

1. If f ∈ Cc(R) is k times differentiable with f (k) ∈ L1(R), then

|f̂ (ξ)| ≤ ‖f
(k)‖L1
|ξ|k .

2. If f ∈ L1(R) then
∫
R f (x)e iaxdx

|a|→∞−→ 0 with a ∈ C.
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Pointwise convergence of Fourier Series

Proposition 5.1: (Localization principle)

If f ∈ L1(−π, π) and y 7→ f (y)−f (x)
y−x is integrable in a neighborhood of x .

Then: limN→∞ SN f (x) = f (x), with SN f (x) :=
∑
|n|≤N cn(f )e inx .

Proof → blackboard
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Pointwise convergence of Fourier Series

Corollary 5.1:

(i) If f ∈ L1(−π, π) is Hölderian at x with exponent 0<α≤1
(that is |f (x)− f (y)| ≤ C |x − y |α), then SN f (x)→ f (x).

(ii) Otherwise if f is primitive over [−π, π] of a function
g ∈ L2(−π, π), then also SN f (x)→ f (x).

Proof → blackboard
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Convergence in Norm of Fourier Series

Corollary 5.2:

The system
1√
2π

(
e inx
)
n∈Z is a Hilbert base of L2(−π, π).

And for all f ∈ L2(−π, π) the series f (x) =
∑
n∈Z

cn(f )e inx converges

in the L2 sense, with cn(f ) =
1

2π

∫ π

−π
e−inx f (x)dx .

Proof → blackboard

Goal: show that the trigonometric polynomials P(t) =
∑N

k=−N ake
ikt

form a subspace which is dense in L2(−π, π).
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Convergence in Norm of Fourier Series
Corollary 5.2:

The system 1√
2π

(
e inx
)
n∈Z is a Hilbert base of L2(−π, π).

And for all f ∈ L2(−π, π) the series f (x) =
∑

n∈Z cn(f )e inx

converges in the L2 sense, with cn(f ) = 1
2π

∫ π
−π e

−inx f (x)dx .

Proof:

• For a continuous function f ∈ C 2
c (−π, π) :

I by the localization principle we have that SN f (x)→ f (x) ,∀x ;

I moreover since its Fourier coefficients verify |cn(f )| ≤ C
n2 (by

Riemann-Lebesgue lemma), we can derive a uniform bound for

|f (x)− SN f (x)| = |
∑
|n|>N

cn(f )e inx | ≤ C
∑
|n|>N

1

n2
N→∞−→ 0, ∀x ;

I then SN f converges uniformly to f , and also converges in L2.

• The functions C∞c (−π, π) are dense in L2(−π, π) (Prop. 3.4),

therefore the trigonometric polynomials are dense in L2(−π, π), and we

conclude that the Fourier system is total, and therefore a Hilbert base.
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Convolution of periodic functions

The representation of a function in L2(−π, π) as a Fourier series
implies its periodization.

We denote L2per (R) the set of functions in L1loc(R) which are
2π-periodic. Therefore every function in L2(−π, π) has a unique
representant in L2per (R).

Def 5.1 and Proposition:
The convolution of f , g ∈ L1(−π, π) is defined as:

(f ∗ g)(x) =

∫ π

−π
f (x − y)g(y)dy =

∫ π

−π
g(x − y)f (y)dy

where f and g are prolonged by 2π-periodization.
The function f ∗ g is in L1(−π, π) and is 2π-periodic.
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Fundamental theorem of signal processing

Exercise 2. Thm 3.9 (Universality of the convolution)

Let L2per (−π, π) equipped with the L2-norm and C 0
per (−π, π)

equipped with the L∞-norm.

Let T : L2per (−π, π)→ C 0
per (−π, π) be a continuous linear operator,

which is translation invariant (that is: T (τx f ) = τxT (f )), where τx
denotes the translation by x : (τx f )(y) = f (y − x)).

Then there exist a unique g ∈ L2(−π, π) such that T (f ) = g ∗ f .
Proof → blackboard
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Convolution of periodic functions

Theorem 5.2:

(i) If f , g ∈ L2(−π, π), then f ∗ g is continue and
cn(f ∗ g) = 2πcn(f )cn(g).

(ii) And the Fourier series for f ∗ g converges uniformly to f ∗ g .

Proof → blackboard
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Convergence summary

The Fourier series SN f of a function f :

I Converges Pointwise
I when f ∈ L1(−π, π), at points where it is “regular” (by the

localization principle). Recall that L1(−π, π) ⊇ L2(−π, π).
I when f ∈ L1(−π, π), at points where it is Hölderian 0 < α ≤ 1.
I ∀x when f is a primitive of g ∈ L2(−π, π).
I almost everywhere, when f ∈ L2(−π, π).

I Converges in Norm (L2)
I when f ∈ L2(−π, π) .

I Converges Uniformly
I when f is C 2 in (−π, π).
I if f = g ∗ h for g , h ∈ L2(−π, π).

Riemann-Lebesgue, if f ∈ L1 then cn(f )→ 0 with n→∞.
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Exercise 3
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Exercise 3
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Other Fourier bases
Corollary 5.3: (Sine and Cosine bases)

(i) Let us consider the interval T > 0, and let ω = 2π
T be the

base frequency associated to it. Then the functions

1√
T
e ikωt k ∈ Z

are a Hilbert base of L2(0,T ); and as well:

1√
T
,

√
2

T
cos(

2kπt

T
),

√
2

T
sin(

2kπt

T
) k = 1, 2, ...

(ii) Are also bases of L2(0,T ):

1√
T
,

√
2

T
cos(

2kπt

T
) k = 1, 2, ... (Cosine base)

and:

√
2

T
sin(

2kπt

T
) k = 1, 2, ... (Sine base)

Proof → blackboard
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