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Truncation error
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Truncation error:
What is that!?
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Motivations

® |mage registration
® optical flow
® stereopsis
® super-resolution

® sub-pixel accuracy




Motivations

® Image registration
® optical flow
® stereopsis
® super-resolution
® sub-pixel accuracy

® error ~ quantization
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Assumptions




Assumptions

e X; (t € R) a 1d random process
® observedon ke {—K,...,K}
o weakly stationary ., dV x(w)

® no aliasing

Xt 1= ZXkSinc(t — k)

keZ ﬂﬂ [[ﬂ




Goal

® | inear shift-invariant

k<K

® Practical bounds on

RMSE[Xt] L= \/‘E _(Xt — Xt)Q-




Goal

® | inear shift-invariant

Xt .= Z X]{;h(t —

k<K

® Practical bounds on

k) <

" h(t) = sinc(t)
h(t) = sincd g (1)

RMSE[Xt] .= \/‘E

(X; — X;)2

= Sinc interpolation ~ = DFT interpolation
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Related VWork

Truncation Error

Jagerman 1966
Yao & Thomas 1966
Campbell 1968
Brown 1969

J Xu & Huang & Li 2009

= sinc only = oversampled case
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Rest of the talk

® Theoretical bounds
® Experimental results

® Discussion & conclusion



A bit of intuition...
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Theoretical bounds
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Theoretical bounds

0120 (537
n? () ¥
~ sin“ (7 5
MSE[X](t) = 2 x | 20720 ( e
2020 (ﬁ)

= DFT modifications




Spectral representation

MSE[X](t) =p* 1= )  h(t—k)
k|<K

MSE|[u](t)
_I_

1 . .
— [ e™?! — Z e“Fh(t — k)| d¥x(w)

27T
k<K

MSE[dV x](#)

= Average component ™= Spectral component



Spectral representation

MSE[X](t) =p* |1 — )  h(t—k)
k| <K

MSE|[u](t)
_I_

1 . .
— [ e™?! — Z e“Fh(t — k)| d¥x(w)

27T
k<K

MSE[dV x](#)

= Aliasing is not forbidden



Spectral representation

MSE[X](t) =p®|) sinc(t —k)— »  h(t—k
keZ k<K
MSE[p](t)
_|_
1 wk wk
- s Ze sinc(t — k) — Z e h(t — k)
ST kez k<K

d\I/X (w)

MSE[dV x](#)

= Under no aliasing condition



Spectral representation

MSE[X](t) =4 |» sinc(t —k)— Y  sinc(t — k)

ke k|<K

MSE[u](t)
_I_

1 . .
By Z e“Fsinc(t — k) — Z e"“Fsinc
-

|w|§7‘- keZ,

[kI<K

(t = k)

d\IfX (w)

MSE[dV x](t)

= Under no aliasing condition

= Sinc



Average component

= Gibbs phenomenon



Average component

MSE[p)(t) =0

= DFT



Spectral component
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Spectral decomposition

N — d¥ x (w)

== Y (W)dw
\\\\\ AU (w)

2
Ja Jl|w‘§7rdw

= spectrum < oversampled + white-noise
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Oversampled case

supp(d¥y,) C {|w| < ar}
—

~ sin®(7t)

MSE[dV.](t) = 070 < :




Oversampled case

supp(d¥,,) C {|w| < am}

(o -

where,

1 1
o2 = 1 / 4V (w)
T |w|§aﬂ' ]. —|‘ COS((U)




White-noise

K — dUx(w)
=me o (w)dw
AV, (w)

3 o5 Ly |<rdw

" or o 7;}
MSE[d¥](t) Zsmﬁ(zﬂ) 700 (ﬁ)

= Slow decay
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= DFT modifications




Experimental results

® 006 @ IPOL: Shannon Truncation %

> C A localhost:8080/loic_truncate/?

Shannon Truncation Error
article | demo | |archive
Please cite this article if you publish results obtained with this online demo.

This example demo interface perfforms RMSE estimations of the so-called truncation error.

® Bound validity

Select Data

Click on an image to use it as the algorithm input.

® Bound tightness

Alley image Barbara image Dice image Garden image Landscape image
. Upload Data
. O rd e r Of I I I ag n Itu d e Upload your own image files to use as the algorithm input.
input image | choose file | No file chosen

Images larger than 1000000 pixels will be resized. Upload size is limited to 1MB per image file .
TIFF, JPEG, PNG, GIF, PNM (and other standard formats) are supported. The uploaded files may be re-used for further analysis.
Only upload suitable images. See the copyright and legal conditions for details.

= online demo: IPOL - Image Processing On Line

Lena image

white-noise (sig=10)
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http://www.ipol.im/
http://www.ipol.im/

Experimental results

® 06 @ IPOL: Shannon Truncation X

e ->C n localhost:8080/loic_truncate/input_select?garden.x=74&garden.y=67

Shannon Truncation Error
article | |demo | | archive

Please cite this article if you publish results obtained with this online demo.

[ ] [ ]
. BO u n d va I I d It You can choose a zooming parameter for this algorithm: rx.
Then select a sub-image that will be zoomed along the x axis and accordingly to rx. Several interpolation will be performed and all of them will

be compared to a Shannon-Whittaker interpolation computed from the entire image. .

Set the algorithm parameters and run the algorithm.

. B d ° h Zoom factor 2
Oun tlg tness x1:312 | x2: (a2 |yT: [0 y2: 517

Methods “Sinc «Bilinear Lanczos 2 B-Spline 2 o-Moms 3

#Sinc-mu Bicubic Lanczos 3 «B-Spline 3 o-Moms 5

#Sinc-acc Lanczos 4 B-Spline 5 o-Moms 7

“DFT B-Spline 7 Schaum 2

B-Spline 9 Schaum 3

B-Spline 11

® Order of magnitude

= online demo: . IPOL - Image Processing On Line


http://www.ipol.im/
http://www.ipol.im/

Experimental results

® 006 @ IPOL: Shannon Truncation X

L ] C n localhost:8080/loic_truncate/result?key=F51DA61454EE1C837B8ES10A9DE67462
ipol.im pub demo

Shannon Truncation Error

article | |demo | | archive

. B O u n d v a I i d ity The experimental results are presented hereafter. For each interpolation method (vertical menu), several plots are available.

Restart this algorithm with new data.

Restart this algorithm with new parameters. [ new parameters
Create a pdf for the current figure [ create pdf]

Result [SVG], / [PDF]

o Bou nd tightn ess The algorithm ran in 15.93s.

Interp Difference RMSE

Truncated Shannon

(SWIK])

® Order of magnitude s

Accelerated Shannon
(SWacclK])

DFT

Bilinear

B-Spline 3

Ground-truth

= online demo: IPOL - Image Processing On Line
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Experimental results

Interp Difference RMSE

® Bound validity T
® Bound tightness i
DFT
o Order Of magnitude Bilinear
B-Spline 3

Ground-truth

IPOL - Image Processing On Line

= online demo: .

38


http://www.ipol.im/
http://www.ipol.im/

Bound tightness

Sinc Sinc w/o 1

= Smooth image
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Bound tightness

upper bound
empirical estimate

Sinc Sinc w/o 1

= Simulated white-noise

upper bound
empirical estimate

DFT

C[quant?] = 0.3

=/
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= Textured image

Bound tightness

2

ical estimate

Sinc

empirical estimate

Sinc w/o 1

empirical estimate
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ther kernels?

Interp Difference RMSE

o Jo Truncated Shannon
O Bopadoalidies (SWIK)

Modified Truncated
Shannon (SW*[K])

o Accelerated Shannon
© Bound-tichtness (SWacc{K)

DFT

® Order of magnitude e

Ground-truth

= online demo: . IPOL - Image Processing On Line
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Other kernels?

m
]

Sinc w/o 1
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Other kernels?

- empirical estimate

-
.

"

Sinc + accel
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Other kernels?

A

20 -lpirical estimate |

Bilinear
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Other kernels?

A

120 empirical estimate L

- -
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Other kernels?

A

¥20 empirical estimate {

-

>

B-Spline 3
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Other kernels?

— q::l.rical estimate |

» -
=

=

B-Spline 11
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Conclusion

® Jextures are nasty
® Aliasing is not the worst thing in life

® |s there a hope for image interpolation!?



Empirical estimate




Textures

® What's specia

| about images?
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